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HYPERCYCLIC SUBSPACES AND WEIGHTED SHIFTS
QUENTIN MENET
Abstract. We first generalize the results of León and Müller [Studia Math.
175(1) 2006] on hypercyclic subspaces to sequences of operators on Fréchet
spaces with a continuous norm. Then we study the particular case of iterates of
an operator T and show a simple criterion for having no hypercyclic subspace.
Finally we deduce from this criterion a characterization of weighted shifts with
hypercyclic subspaces on the spaces lp or c0, on the space of entire functions
and on certain Köthe sequence spaces. We also prove that if P is a non-
constant polynomial and D is the differentiation operator on the space of
entire functions then P (D) possesses a hypercyclic subspace.
Introduction
A sequence of continuous linear operators (Tn)n≥1 between Fréchet spaces X , Y
is hypercyclic if there exists a vector x ∈ X (called hypercyclic) such that the set
{Tnx : n ≥ 1} is dense in Y . We say that an operator T : X → X is hypercyclic
if the sequence (T n)n≥1 is hypercyclic. An important question about hypercyclic
sequences is to know if there exists an infinite-dimensional closed subspace in which
every non-zero vector is hypercyclic. Such a subspace is called a hypercyclic sub-
space. The notion of hypercyclic subspaces is interesting because some hypercyclic
operators, like the translation operators on the space of entire functions, possess a
hypercyclic subspace (see [1]) while some others, like scalar multiples of the back-
ward shift on lp, do not possess any hypercyclic subspace (see [13]).
In the case of a weakly mixing operator on a separable complex Banach space,
González, León and Montes have obtained the following characterization:
Theorem 0.1 ([5]). Let T be a weakly mixing operator on a separable complex
Banach space X. Then the following assertions are equivalent:
(1) T has a hypercyclic subspace;
(2) there exist an increasing sequence (nk) of positive integers and an infinite-
dimensional closed subspace M0 of X such that T
nkx→ 0 for all x ∈M0;
(3) there exist an increasing sequence (nk) of positive integers and an infinite-
dimensional closed subspace Mb of X such that supk ‖T
nk |Mb‖ <∞;
(4) the essential spectrum of T intersects the closed unit disk.
The implication from (2) to (1) was already proved in 1996 if T satisfies the
Hypercyclicity Criterion for (nk) (see [13]) and was even generalized to operators
on separable Fréchet spaces with a continuous norm (see [2], [14]) and to sequences
of operators on separable Banach spaces satisfying a certain condition (C) (see
[10]).
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Definition 0.2 ([10]). A sequence (Tn) ⊂ L(X,Y ), the space of continuous linear
operators from X to Y , with X , Y Banach spaces, satisfies condition (C) if there
exist an increasing sequence (nk) of positive integers and a dense subset X0 ⊂ X
such that
(1) Tnkx→ 0 for every x ∈ X0;
(2)
⋃
k Tnk({x ∈ X : ‖x‖ < 1}) is dense in Y .
In their article [10], León and Müller have also highlighted the following two
criteria:
Theorem 0.3 ([10, Theorem 20]). Let (Tn) ⊂ L(X,Y ) be a sequence of operators
between separable Banach spaces X, Y satisfying condition (C) for a sequence (nk).
Suppose that there are infinite-dimensional closed subspaces M1,M2, . . . such that
X ⊃ M1 ⊃ M2 ⊃ . . . and supk ‖Tnk |Mk‖ < ∞. Then (Tn) possesses a hypercyclic
subspace.
Theorem 0.4 ([10, Corollary 23]). Let (Tn) ⊂ L(X,Y ) be a sequence of operators
between separable Banach spaces X, Y . Suppose that there are closed subspaces
En ⊂ X (n ≥ 1) of finite codimension and numbers Cn (n ≥ 1) with Cn →∞ such
that
‖Tnx‖ ≥ Cn‖x‖ for any x ∈ En, n ≥ 1.
Then (Tn) does not possess any hypercyclic subspace.
In the case of an operator T on a separable Banach space, condition (C) is
equivalent to being weakly mixing (see [10]) and it follows from the proof of Theorem
0.1 that the above two criteria are also necessary conditions if T is an operator on
a separable complex Banach space. In their book [7], Grosse-Erdmann and Peris
have proved that Theorem 0.4 can be stated for an operator on a Fréchet space.
We prove in the first section that the implication from (2) to (1) in Theorem 0.1,
and Theorems 0.3 and 0.4 are still true for sequences of operators between Fréchet
spaces with a continuous norm.
In the second section, we obtain some conditions that are equivalent to the
criterion of Theorem 0.4 in the case of an operator T on a Banach space or on a
Fréchet space. If T is an operator on a Banach space, this result is the following:
Theorem 0.5. Let X be a Banach space and T : X → X a continuous linear
operator. The following conditions are equivalent:
(i) there exist a sequence of numbers (Cn) with Cn → ∞ and a sequence of
subspaces (En) of finite codimension such that for every n ≥ 1,
‖T nx‖ ≥ Cn‖x‖ for any x ∈ En;
(ii) there exist C > 1, a subspace E of finite codimension and an integer n ≥ 1
such that
‖T nx‖ ≥ C‖x‖ for any x ∈ E;
(iii) there exist C > 1, a subspace E of finite codimension and an integer n ≥ 1
such that for any x ∈ E, there exists an integer k ≤ n for which
‖T kx‖ ≥ C‖x‖.
Therefore, if T is a weakly mixing operator on a separable complex Banach space,
T does not possess any hypercyclic subspace if and only if T satisfies one of these
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conditions. Condition (ii) is easier to verify than condition (i) and thus particularly
useful for applications.
In the third and the fourth sections, we are interested in weighted shifts. In
the article [9], a characterization of weighted shifts on the complex space l2 with
hypercyclic subspaces is given using spectral theory. Using the ideas of Theorem 0.5,
we show how to obtain a characterization of the weighted shifts with a hypercyclic
subspace on the (complex or real) spaces lp and c0 but also on the space of entire
functions and on certain Köthe sequence spaces. In 2010, Shkarin has answered
a question that had long remained open. He has shown that the differentiation
operator D on the space of entire functions possesses a hypercyclic subspace (see
[16]). As this operator can be seen as a weighted shift, our result improves that
of Shkarin by determining which weighted shifts on the space of entire functions
possess a hypercyclic subspace. In fact, that seems be the first time that we can
determine which operators possess a subspace hypercyclic for a class of operators
on a Fréchet space.
To finish, we consider functions of weighted shifts in the fifth section. In par-
ticular, we show that if P is a non-constant polynomial then P (D) possesses a
hypercyclic subspace. This result completes Petersson’s result that states that if φ
is an entire function of exponential type that is not a polynomial then φ(D) has a
hypercyclic subspace (see [14]).
1. Hypercyclic subspaces for a sequence of operators on a Fréchet
space with a continuous norm
The results on hypercyclic subspaces of León and Müller in their article [10]
are stated for sequences of operators between Banach spaces satisfying a certain
condition (C) (see Definition 0.2). This condition can be generalized to sequences
of operators on Fréchet spaces:
Definition 1.1. Let X be a Fréchet space and Y a topological vector space. A
sequence (Tn) ⊂ L(X,Y ) satisfies condition (C) if there exist an increasing sequence
(nk) of positive integers and a dense subset X0 ⊂ X such that
(1) Tnkx→ 0 for every x ∈ X0;
(2) for every continuous seminorm p on X ,
⋃
k Tnk({x ∈ X : p(x) < 1}) is
dense in Y .
Remark 1.2. If (pn) is an increasing sequence of seminorms defining the topology of
X then the second condition is equivalent to having that for every n,
⋃
k Tnk({x ∈
X : pn(x) < 1}) is dense in Y .
Remark 1.3. In the case of a sequence of operators between Banach spaces, Defini-
tion 1.1 is obviously identical to Definition 0.2. Moreover, if T is an operator on a
separable Fréchet space, it is evident that if T satisfies the Hypercyclicity Criterion
for (nk) then T satisfies condition (C) for (nk). In fact, one can show by adapting
the ideas in [10] to Fréchet spaces that T satisfies condition (C) if and only if T
satisfies the Hypercyclicity Criterion.
To generalize the results on hypercyclic subspaces of León and Müller to se-
quences of operators on Fréchet spaces with a continuous norm, we need some
results on basic sequences in Fréchet spaces with a continuous norm.
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Definition 1.4. A sequence (ek)k≥1 in a Fréchet space is called basic if for every
x ∈ span{ek : k ≥ 1}, there exists a unique sequence (ak)k≥1 in K (K = R or C)
such that x =
∑∞
k=1 akek.
Let X be a Fréchet space with a continuous norm. The existence of such a norm
implies the existence of an increasing sequence of norms (pn) defining the topology
of X . Using the fact that Xn := (X, pn) is a normed space, we can deduce some
results for basic sequences on X from results for basic sequences in a Banach space.
For example, if a sequence (ek)k≥1 ⊂ X is basic in Xn for any n ≥ 1 then this
sequence is also basic in X . By a basic sequence in Xn we mean a sequence that
is basic in the completion of Xn. This technique has been used by Petersson in his
article [14] and by the author in [12].
Lemma 1.5 ([12]). Let X be a Fréchet space with a continuous norm, (pn) an
increasing sequence of norms defining the topology of X and (εn)n≥1 a sequence of
positive numbers with
∏
n(1 + εn) = K < ∞. If (ek)k≥1 is a sequence of nonzero
vectors in X such that for any n ≥ 1, for any j ≤ n, for any a1, . . . , an+1 ∈ K,
pj
( n∑
k=1
akek
)
≤ (1 + εn)pj
( n+1∑
k=1
akek
)
then this sequence is basic in Xn for any n ≥ 1 and thus in X; moreover for any
n ≥ 1, the sequence (ek)k≥n is basic in Xn with basic constant less than K.
Lemma 1.6 ([7, Lemma 10.39]). Let X be a Fréchet space, F a finite-dimensional
subspace of X, p a continuous seminorm on X and ε > 0. Then there exists a
closed subspace L of finite codimension such that for any x ∈ L and y ∈ F ,
p(x+ y) ≥ max
( p(x)
2 + ε
,
p(y)
1 + ε
)
.
With these two lemmas we can easily construct recursively a basic sequence
(en)n≥1 in an infinite-dimensional Fréchet space with a continuous norm and we
can even choose each vector en in an infinite-dimensional subspace.
Lemma 1.7. Let X be an infinite-dimensional Fréchet space with a continuous
norm, (pn) an increasing sequence of norms defining the topology of X, (Mn) a
sequence of infinite-dimensional subspaces and a number K > 1. Then there exists
a basic sequence (en)n≥1 in X such that for any n ≥ 1 we have p1(en) = 1, en ∈Mn
and the sequence (ek)k≥n is basic in Xn with basic constant less than K.
An important notion for basic sequences is the equivalence between two basic
sequences.
Definition 1.8. Let X be a Fréchet space. Two basic sequences (en)n and (fn)n
in X are called equivalent if for every sequence (an)n≥1 in K, the series
∑∞
n=1 anen
converges in X if and only if
∑∞
n=1 anfn converges in X .
Theorem V.9 in [3] for Banach spaces implies the following lemma for Fréchet
spaces with a continuous norm:
Lemma 1.9 ([12]). Let X be a Fréchet space with a continuous norm and (pn)n
an increasing sequence of norms defining the topology of X. Suppose that (en)n≥1
is a basic sequence in X such that for any n ≥ 1, we have p1(en) = 1 and the
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sequence (ek)k≥n is basic in Xn with basic constant less than K. If (fk)k≥1 ⊂ X is
a sequence satisfying
∞∑
n=1
2Kpn(en − fn) < 1
then (fk)k≥1 is a basic sequence in X and in Xn for any n ≥ 1. Moreover the
sequences (ek)k≥1 and (fk)k≥1 are equivalent in X and in Xn for any n ≥ 1.
Now we can extend the results on hypercyclic subspaces in the article [10] to
Fréchet spaces with a continuous norm. For the rest of this section we suppose that
X is an infinite-dimensional Fréchet space with a continuous norm, Y is a separable
Fréchet space and (Tn) is a sequence of continuous linear operators from X to Y .
Theorem 1.10. If (Tn) satisfies condition (C) for a sequence (nk) and if there
exists an infinite-dimensional closed space M0 of X such that Tnkx → 0 for all
x ∈M0 then (Tn) possesses a hypercyclic subspace.
Proof. We consider an increasing sequence (pn) of norms defining the topology of
X and an increasing sequence (qn) of seminorms defining the topology of Y . By
Lemma 1.7, there exists a basic sequence (en)n≥1 in M0 such that for every n ≥ 1,
we have p1(en) = 1 and the sequence (ek)k≥n is basic in Xn with basic constant
less than 2. Let (yk)k≥1 be a dense sequence in Y and ≺ the order on N×N defined
by (i, j) ≺ (i′, j′) if i+ j < i′ + j′ or if i+ j = i′ + j′ and i < i′.
We construct a family (zi,j)i,j≥1 ⊂ X0 where X0 is the dense set given by
condition (C) and a family (ni,j)i,j≥1 ⊂ N such that for any i ≥ 1, (ni,j)j≥1 is a
subsequence of (nk). If zi′,j′ and ni′,j′ are already constructed for every (i
′, j′) ≺
(i, j) then we choose zi,j ∈ X0 and ni,j ∈ (nk) with ni,j > max{ni′,j′ : (i
′, j′) ≺
(i, j)} such that for any (i′, j′) ≺ (i, j),
qi+j(Tni,j zi′,j′) <
1
2i′+j′+j
,(1.1)
qi+j(Tni′,j′ zi,j) <
1
2i+j+j′
,(1.2)
qi+j(Tni,j zi,j − yj) <
1
2j
and pi+j(zi,j) <
1
2i+j+2
.(1.3)
Satisfying all these assertions is possible because if for every continuous seminorm p
onX ,
⋃
k Tnk({x ∈ X : p(x) < 1}) is dense in Y then for every continuous seminorm
p on X , for every ε > 0, for every N ≥ 1, the set
⋃
k≥N Tnk({x ∈ X : p(x) < ε}) is
also dense in Y .
We define, for any i ≥ 1,
zi := ei +
∞∑
j=1
zi,j .
By (1.3), these series are convergent and using Lemma 1.9, we deduce that the
sequence (zi)i≥1 is a basic sequence equivalent to (ei)i≥1 in X . Let M be the
closed linear span of (zi) and z ∈M\{0}. We need to show that z is hypercyclic for
the sequence (Tn). Since (zi) is a basic sequence, we know that z =
∑∞
i=1 aizi and
we can suppose that ak = 1 for some k. By equivalence between the basic sequences
(zi)i and (ei)i, we deduce that
∑∞
i=1 aiei also converges. There thus exists K > 0
such that for any i ≥ 1, we have |ai| ≤ K. Indeed, as the sequence (ei)i≥1 is basic
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in X1 with basic constant less than 2 and p1(en) = 1, we have
(1.4) |ai| = p1(aiei) ≤ p1
( i∑
l=1
alel
)
+ p1
( i−1∑
l=1
alel
)
≤ 4p1
( ∞∑
l=1
alel
)
.
Let n ≥ 1 and r ≥ n. We have, using (1.1), (1.2) and (1.3),
qn(Tnk,rz − yr) ≤
∑
(i,j)≺(k,r)
|ai|qn(Tnk,rzi,j) +
∑
(i,j)≻(k,r)
|ai|qn(Tnk,rzi,j)
+ qn(Tnk,rzk,r − yr) + qn
(
Tnk,r
(∑
i≥1
aiei
))
≤
∑
(i,j)≺(k,r)
Kqk+r(Tnk,rzi,j) +
∑
(i,j)≻(k,r)
Kqi+j(Tnk,rzi,j)
+ qn(Tnk,rzk,r − yr) + qn
(
Tnk,r
(∑
i≥1
aiei
))
≤
∑
(i,j) 6=(k,r)
K
1
2i+j+r
+
1
2r
+ qn
(
Tnk,r
(∑
i≥1
aiei
))
≤
K + 1
2r
+ qn
(
Tnk,r
(∑
i≥1
aiei
))
−→
r→∞
0 because
∑
i≥1
aiei ∈M0.

Theorem 1.11. Let (pn), (qn) be sequences of seminorms defining the topology of
X, Y . If (Tn) satisfies condition (C) for a sequence (nk) and if there exists a non-
increasing sequence of infinite-dimensional closed spaces (Mj)j≥1 of X such that
for every n ≥ 1, there exist a positive number Cn and two integers m(n), k(n) ≥ 1
such that we have for any j ≥ k(n), for any x ∈Mj,
qn(Tnjx) ≤ Cnpm(n)(x)
then (Tn) possesses a hypercyclic subspace.
Proof. Without loss of generality, we can suppose that (pn) is an increasing sequence
of norms defining the topology of X and (qn) is an increasing sequence of seminorms
defining the topology of Y . We remark that, by using the previous theorem, it
is sufficient to construct an infinite-dimentional closed subspace M0 of X and a
subsequence (nkl) of (nk) such that for any x ∈M0, we have limTnklx = 0 and (Tn)
satisfies condition (C) for the sequence (nkl). We thus consider a basic sequence
(ej)j≥1 in X such that we have p1(ej) = 1, ej ∈ Mj and for every n ≥ 1, the
sequence (ej)j≥n is basic in Xn := (X, pn) with basic constant less than 2. The
existence of the sequence (ej) is guaranteed by Lemma 1.7.
Let (yk)k≥1 be a dense sequence in Y and X0 the dense set given by condition
(C) for the sequence (nk). By continuity of the operators Tn, we can find a sequence
(fj) ⊂ X0 such that for any j, for any k ≤ j,
(1.5) qj(Tnkej − Tnkfj) <
1
2j
and pj(ej − fj) <
1
2j+2
.
If we denote dql(A, x) = infa∈A ql(a − x) then since the sequence (fj) is included
in X0, we can also find an increasing sequence of integers (kl)l≥1 such that for any
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l ≥ 1, for any n, j ≤ kl−1,
(1.6) qn(Tnklfj) <
1
2l+j
and dql(Tnkl ({x ∈ X : pl(x) < 1}), yl) <
1
2l
where we suppose that k0 = 1. Using Lemma 1.9 and the second inequality in (1.5),
we deduce that (fkl)l≥1 is a basic sequence equivalent to (ekl)l≥1 in X .
Let M0 be the closed linear span of (fkl)l≥1 in X and x a vector in M0. We
know that we have x =
∑∞
k=1 ajfkj where the sequence (aj) is bounded by some
constant K (see (1.4)). Let n ≥ 1 and l ≥ 2 with n ≤ kl−1 and k(n) ≤ kl. Since∑∞
j=l ajekj ∈Mkl , we deduce from (1.5) and (1.6) that
qn(Tnklx) ≤
l−1∑
j=1
|aj |qn(Tnkl fkj ) +
∞∑
j=l
|aj |qn(Tnkl (fkj − ekj )) + qn
(
Tnkl
( ∞∑
j=l
ajekj
))
≤
l−1∑
j=1
K
2l+kj
+
∞∑
j=l
Kqkj (Tnkl (fkj − ekj )) + Cnpm(n)
( ∞∑
j=l
ajekj
)
≤
lK
2l
+
∞∑
j=l
K
2kj
+ Cnpm(n)
( ∞∑
j=l
ajekj
)
−→
l→∞
0.
Since for all n ≥ 1, we have also by (1.6) that the set
⋃
l Tnkl ({x ∈ X : pn(x) < 1})
is dense in Y so that (Tn) satisfies condition (C) for the sequence (nkl), we deduce
the desired result from Theorem 1.10. 
Remark 1.12. In Theorem 1.11, the second condition is equivalent to the existence
of a non-increasing sequence of infinite-dimensional closed spaces (Mj)j≥1 of X
such that for every continuous seminorm q on Y , there exists a positive number
C, an integer k ≥ 1 and a continuous seminorm p on X such that we have for any
j ≥ k, for any x ∈Mj,
q(Tnjx) ≤ Cp(x).
In the next theorem, we do not suppose that X possesses a continuous norm
but that there exists a continuous seminorm p on X such that p(x) > 0 for every
hypercyclic vector x inX . Obviously, if a continuous norm exists then this condition
is always satisfied.
Theorem 1.13. Let (pn) be an increasing sequence of seminorms defining the
topology of X. If there exists a continuous seminorm p on X such that p(x) > 0 for
every hypercyclic vector x in X and if there exist a sequence of subspaces (En)n≥1 of
finite codimension, a sequence (Cn)n≥1 of numbers with Cn →∞ and a continuous
seminorm q on Y such that for any n ≥ 1, for any x ∈ En, we have
q(Tnx) ≥ Cnpn(x)
then (Tn) does not possess any hypercyclic subspace.
Proof. If p is a continuous seminorm on X , there exists an integer N ≥ 1 and
a positive number K > 0 such that for every x ∈ X , we have p(x) ≤ KpN(x).
Without loss of generality, we can thus suppose that we have p1(x) > 0 for every
hypercyclic vector x in X . Assume that M is a hypercyclic subspace; we show that
there exists a vector x ∈M such that
lim
j→∞
q(Tj(x)) =∞
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which is a contradiction. Since Cn tends to infinity, there exists an increasing
sequence (kn)n≥1 of positive integers such that for any n ≥ 2, for any kn−1 < j ≤ kn,
we have
(1.7) n3 ≤ Cj .
We then construct a sequence (en)n≥1 ⊂M recursively such that
(1) pn(en) =
1
n2
;
(2) en ∈
⋂
kn−1<j≤kn
Ej ;
(3) for any j ≤ kn, Tjen ∈
⋂
k≤n−1 Lk,j , where Lk,j is the closed subspace of
finite codimension given by Lemma 1.6 for Fk,j = span(Tje1, . . . , Tjek), the
seminorm q and ε > 0.
Such a construction is possible because M is an infinite-dimensional space and each
of the intersections
⋂
kn−1<j≤kn
Ej and
⋂
k≤n−1 Lk,j are spaces of finite codimen-
sion. Moreover we can choose en such that pn(en) =
1
n2
because we have p1(x) > 0
for every hypercyclic vector x and M is supposed to be a hypercyclic subspace.
Letting x :=
∑∞
ν=1 eν , we have x ∈M and if kn−1 < j ≤ kn, we then have
q(Tjx) = q
( ∞∑
ν=1
Tjeν
)
≥
1
1 + ε
q
( n∑
ν=1
Tjeν
)
because
∞∑
ν=n+1
Tjeν ∈ Ln,j
≥
1
(1 + ε)(2 + ε)
q(Tjen) because Tjen ∈ Ln−1,j
≥
Cjpj(en)
(1 + ε)(2 + ε)
≥
Cjpn(en)
(1 + ε)(2 + ε)
because en ∈ Ej and n− 1 ≤ kn−1 < j
≥
n
(1 + ε)(2 + ε)
by (1.7).
The result follows. 
2. Criterion for having no hypercyclic subspace
The criterion of Theorem 1.13 can be significantly simplified in the case of an
operator T : X → X . By operator we mean a continuous linear operator. For
convenience, we begin by the case where X is a Banach space.
Proof of Theorem 0.5. The implications (i)⇒(ii) and (ii)⇒(iii) are evident.
(iii)⇒(i). Let C > 1, E a subspace of finite codimension and m ≥ 1 an integer
such that for any x ∈ E, there exists an integer k ≤ m for which
‖T kx‖ ≥ C‖x‖.
Let n ≥ 1. We consider K = sup0≤k<m ‖T
k‖ and En =
⋂n−1
k=0 T
−kE. Let x ∈ En.
Since En ⊂ E, there exists 0 < k1 ≤ m such that we have
‖T k1x‖ ≥ C‖x‖.
If k1 < n, we have T
k1x ∈ E and there thus exists k1 < k2 ≤ k1 +m such that
‖T k2x‖ ≥ C‖T k1x‖ ≥ C2‖x‖.
We can repeat this argument as long as we have kl < n. Therefore, if n = jm+ p
with j ≥ 0 and 0 ≤ p < m then we are sure to can use this argument at least j
times. As C > 1, we deduce that there exists n ≤ k < n+m such that
‖T kx‖ ≥ Cj‖x‖.
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We thus have for every x ∈ En, for some n ≤ k < n+m,
Cj‖x‖ ≤ ‖T kx‖ ≤ K‖T nx‖.
Letting Cn =
Cj
K
, we obtain the desired result. 
If we denote cofin := {E ⊂ X : E subspace of finite codimension} then as con-
dition (i) is equivalent to having no hypercyclic subspace in the case of weakly
mixing operators on a separable complex Banach space, we obtain in particular the
following new characterization:
Corollary 2.1. Let X be a separable complex Banach space and T : X → X a
weakly mixing operator. The operator T possesses a hypercyclic subspace if and
only if
sup
n≥1
sup
E∈cofin
inf
x∈E\{0}
‖T nx‖
‖x‖
≤ 1
or equivalently if and only if
sup
n≥1
sup
E∈cofin
inf
x∈E\{0}
‖T nx‖
‖x‖
<∞.
We generalize Theorem 0.5 for operators on a Fréchet space.
Theorem 2.2. Let X be a Fréchet space and T : X → X an operator. The
following conditions are equivalent:
(i) there exist an increasing sequence of seminorms (pn) defining the topology of
X, a sequence of numbers (Cn) with Cn → ∞, a sequence of subspaces (En)
of finite codimension and N ≥ 1 such that for every n ≥ 1,
pN (T
nx) ≥ Cnpn(x) for any x ∈ En;
(ii) there exist a sequence of seminorms (pn) defining the topology of X and N ≥
1 such that for every n ≥ 1, there exist Cn > 1, a subspace En of finite
codimension and an integer mn ≥ 1 such that
pN (T
mnx) ≥ Cnpn(x) for any x ∈ En;
(iii) there exist a sequence of seminorms (pn) defining the topology of X and N ≥
1 such that for every n ≥ 1, there exist Cn > 1, a subspace En of finite
codimension and an integer mn ≥ 1 such that for any x ∈ En, there exists an
integer 1 ≤ k ≤ mn for which
pN(T
kx) ≥ Cnpn(x).
Proof. The implications (i)⇒(ii) and (ii)⇒(iii) are evident.
(iii)⇒(i). By hypothesis, there exists N ≥ 1 such that for every n ≥ 1, there
exist Cn > 1, a subspace En of finite codimension and an integer mn ≥ 1 such that
for any x ∈ En, there exists an integer 1 ≤ k ≤ mn for which
pN(T
kx) ≥ Cnpn(x).
Let l ≥ 1. For any n ≥ 1, we consider En,l =
⋂n−1
k=0 T
−kEN ∩El. Let x be a vector
in En,l. There exists k1 ≤ ml such that
pN(T
k1x) ≥ Clpl(x).
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Moreover if n = ml+ jmN +p with j ≥ 1 and 0 ≤ p < mN then T
k1x ∈ EN and we
deduce as in the proof of Theorem 0.5 that there exists an integer n ≤ k < n+mN
such that
pN (T
kx) ≥ CjNpN (T
k1x) ≥ CjNClpl(x).
If for j ≥ 1, we denote qj = max(p1, . . . , pj) then by continuity of T , there exist a
positive number K and an integer J ≥ 1 such that for any 0 ≤ m < mN , we have
pN (T
mx) ≤ KqJ(x) for any x ∈ X
and thus for any 0 ≤ m < mN , for any k ≥ m, we have
qJ(T
k−mx) ≥
1
K
pN (T
kx) for any x ∈ X.
If n = ml + jmN + p with j ≥ 1 and 0 ≤ p < mN , it follows that for every vector
x ∈ En,l, there exists n ≤ k < n+mN such that
(2.1) qJ(T
nx) = qJ (T
k−(k−n)x) ≥
1
K
pN (T
kx) ≥
C
j
NCl
K
pl(x).
To conclude, we have just to construct a convenient increasing sequence of semi-
norms (p′n) defining the topology of X . We can suppose that (ml)l≥1 is an increas-
ing sequence. So if for n < m1 +mN , we let p
′
n = q1, C
′
n = 0, E
′
n = X , and for
ml+lmN ≤ n < ml+1+(l+1)mN , we let p
′
n = ql, C
′
n =
ClN
K
and E′n =
⋂
k≤l En,k, we
have the desired inequalities for (C′n), (E
′
n), (p
′
n) and qJ . Indeed, if n ≥ ml + lmN
and x ∈ E′n, then for any k ≤ l, we have by (2.1),
qJ(T
nx) ≥
ClNCk
K
pk(x) ≥
ClN
K
pk(x)
and thus if ml + lmN ≤ n < ml+1 + (l + 1)mN , we get
qJ (T
nx) ≥ C′nql(x) = C
′
np
′
n(x).

By Theorem 1.13, we know that if X is a Fréchet space with a continuous norm,
condition (i) in Theorem 2.2 implies the non-existence of hypercyclic subspaces.
Corollary 2.3. Let X be a Fréchet space with a continuous norm and T : X → X
an operator. If there exist a sequence of seminorms (pj) defining the topology of X
and J ≥ 1 such that for every j ≥ 1,
sup
n≥1
sup
E∈cofin
inf
x∈E\ ker(pj)
pJ(T
nx)
pj(x)
> 1
or equivalently if
sup
n≥1
sup
E∈cofin
inf
x∈E\ker(pj)
pJ(T
nx)
pj(x)
=∞
then T does not possess any hypercyclic subspace.
Remark 2.4. Unlike the case of complex Banach spaces, we do not know if, in gen-
eral, these criteria are also necessary conditions for having no hypercyclic subspace.
So far no characterization is known of operators on Fréchet spaces with a continuous
norm.
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3. Weighted shifts on complex spaces lp and c0
For weighted shifts on complex spaces lp and c0, the characterization given by
Corollary 2.1 can be simply expressed in terms of the weights.
Proposition 3.1. Let X be the complex space lp with 1 ≤ p < ∞ or the complex
space c0, and Bw : X → X the weighted shift defined by Bwen = wnen−1, where
e0 = 0, (en)n≥1 is the canonical basis and (wn)n≥1 is a sequence of non-zero scalars.
The following inequalities are equivalent:
(1) sup
n≥1
sup
E∈cofin
inf
x∈E\{0}
‖Bnwx‖
‖x‖
≤ 1,
(2) sup
n≥1
sup
N≥1
inf
k≥N
n∏
ν=1
|wν+k| ≤ 1,
(3) sup
n≥1
sup
N≥1
inf
k≥N
n∏
ν=1
|wν+k| <∞.
Proof. (1)⇒(2). We prove in fact that ¬(2)⇒ ¬(1). We thus suppose that we have
sup
n≥1
sup
N≥1
inf
k≥N
n∏
ν=1
|wν+k| > 1.
Then there exist C > 1, n ≥ 1 and N ≥ 1 such that
inf
k≥N
n∏
ν=1
|wν+k| ≥ C.
Letting En+N := {x ∈ X : x1 = x2 = · · · = xn+N = 0}, we have for every vector
x ∈ En+N ,
‖Bnwx‖ =
∥∥∥(0, . . . , 0,
( n∏
ν=1
wν+N+1
)
xn+N+1,
( n∏
ν=1
wν+N+2
)
xn+N+2, . . . )
∥∥∥
≥
(
inf
k≥N
n∏
ν=1
|wν+k|
)
‖x‖
≥ C‖x‖.
Since En+N is a space of finite codimension, we deduce that we have
sup
n≥1
sup
E∈cofin
inf
x∈E\{0}
‖Bnwx‖
‖x‖
> 1.
(2)⇒(3). Evident.
(3)⇒(1). Let E be a subspace of finite codimension. By definition, there exists
a finite-dimensional subspace F such that E ⊕ F = X . If the dimension of F is d
then for all linearly independent vectors x1, . . . , xd+1, there exist a1, . . . , ad+1 ∈ K
such that
a1x1 + · · ·+ ad+1xd+1 ∈ E\{0}.
If we suppose that we have
sup
n≥1
sup
N≥1
inf
k≥N
n∏
ν=1
|wν+k| < K,
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then for any n ≥ 1, there exist different indices i1, . . . , id+1 such that for any
1 ≤ k ≤ d+ 1, we have
‖Bnwen+ik‖ =
n∏
ν=1
|wν+ik | < K.
By the previous reasoning, there also exist a1, . . . , ad+1 such that
a1en+i1 + · · ·+ ad+1en+id+1 ∈ E\{0}.
We thus have
‖Bnw(a1en+i1 + · · ·+ ad+1en+id+1)‖ < K‖a1ei1 + · · ·+ ad+1eid+1‖
= K‖a1en+i1 + · · ·+ ad+1en+id+1‖.
We conclude that we have supn≥1 supE∈cofin infx∈E\{0}
‖Tnx‖
‖x‖ ≤ K and by Corol-
lary 2.1 that we have the desired inequality. 
In their article [9], León and Montes have shown that a hypercyclic weighted
shift Bw on the complex space l
2 possesses a hypercyclic subspace if and only if
lim
n→∞
(
inf
k≥1
n∏
ν=1
|wν+k|
) 1
n
≤ 1 or equivalently sup
n≥1
inf
k≥1
n∏
ν=1
|wν+k| ≤ 1.
The supremum on N in the previous result is thus surely unnecessary.
Proposition 3.2. Let (wn)n≥1 be a sequence of non-zero scalars. We have
sup
n≥1
sup
N≥1
inf
k≥N
n∏
ν=1
|wν+k| > 1⇔ sup
n≥1
inf
k≥1
n∏
ν=1
|wν+k| =∞.
Proof. (⇐) Obvious.
(⇒) By hypothesis, there exist C > 1, n ≥ 1 and N ≥ 1 such that
inf
k≥N
n∏
ν=1
|wν+k| ≥ C.
We thus have for any m ≥ 1,
(3.1) inf
k≥N
mn∏
ν=1
|wν+k| ≥ C
m.
Let K > 0. We consider an integer m1 ≥ 1 such that m1n ≥ N and C
m1 > K, and
another integerm2 ≥ 1 such that C
m2 > K
λ0
where λ0 = min1≤k≤m1n−1
∏m1n
ν=1 |wν+k|.
Therefore, since m1n ≥ N , we have, using (3.1), that for any k ≥ m1n,
(m1+m2)n∏
ν=1
|wν+k| ≥ C
m1+m2 > K
and that for any 1 ≤ k ≤ m1n− 1,
(m1+m2)n∏
ν=1
|wν+k| =
m1n∏
ν=1
|wν+k|
m2n∏
ν=1
|wν+k+m1n|
≥ λ0C
m2 > K.

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Since every hypercyclic weighted shift is weakly mixing (see [15]), it follows
from the two previous results and from Corollary 2.1 that we have the following
characterization:
Theorem 3.3. A hypercyclic weighted shift Bw on the complex space l
p with 1 ≤
p <∞ or on the complex space c0 possesses a hypercyclic subspace if and only if
sup
n≥1
inf
k≥1
n∏
ν=1
|wν+k| ≤ 1
or equivalently if and only if
sup
n≥1
inf
k≥1
n∏
ν=1
|wν+k| <∞.
By isomorphism, we can extend this result to weighted versions of complex spaces
lp and c0. Let (vn)n≥1 be a strictly positive weight sequence. We define these spaces
by
lp(v) =
{
(xn)n≥1 :
∞∑
n=1
|xn|
pvn <∞
}
for 1 ≤ p <∞;
c0(v) = {(xn)n≥1 : lim
n→∞
|xn|vn = 0}.
Corollary 3.4. A hypercyclic weighted shift Bw on the complex space l
p(v) with
1 ≤ p <∞ possesses a hypercyclic subspace if and only if
sup
n≥1
inf
k≥1
n∏
ν=1
|wν+k|
( vk
vk+n
) 1
p
≤ 1
or equivalently if and only if
sup
n≥1
inf
k≥1
n∏
ν=1
|wν+k|
( vk
vk+n
) 1
p
<∞
and a hypercyclic weighted shift Bw on the complex space c0(v) possesses a hyper-
cyclic subspace if and only if
sup
n≥1
inf
k≥1
n∏
ν=1
|wν+k|
( vk
vk+n
)
≤ 1
or equivalently if and only if
sup
n≥1
inf
k≥1
n∏
ν=1
|wν+k|
( vk
vk+n
)
<∞.
In their article [9], León and Montes also show that every hypercyclic bilateral
weighted shift on the complex space l2(Z) possesses a hypercyclic subspace. We
can extend this result to complex spaces lp(Z) with 1 ≤ p < ∞, to the complex
space c0(Z) and afterwards, to complex weighted spaces l
p(v,Z) and c0(v,Z).
Theorem 3.5. Every hypercyclic bilateral weighted shift on the complex space lp(Z)
with 1 ≤ p <∞ or on the complex space c0(Z) possesses a hypercyclic subspace.
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Proof. Let Bw be a hypercyclic bilateral weighted shift defined by Bwen = wnen−1
for any n ∈ Z. By the characterization of hypercyclic bilateral weighted shifts
(see [6], [15]), we know that there exists an increasing sequence (nk)k≥1 of positive
integers such that for any j ∈ Z,
(3.2) lim
k→∞
nk−1∏
ν=0
|wj−ν | = 0.
Suppose that Bw does not possess any hypercyclic subspace. Then, by Corollary
2.1, we have
sup
n≥1
sup
E∈cofin
inf
x∈E\{0}
‖Bnwx‖
‖x‖
> 1.
It is not difficult to see that, as in Proposition 3.1, the above condition is equivalent
to having
sup
n≥1
sup
N≥1
inf
|k|≥N
n∏
ν=1
|wν+k| > 1.
There thus exist C > 1, n ≥ 1 and N ≥ 1 such that for any j ≥ N , we have
(3.3)
n−1∏
ν=0
|w−j−ν | > C.
Since Bw is continuous, there also exists K > 0 such that supl∈Z |wl| < K and if
nk = mkn+ p with 0 ≤ p ≤ n− 1 then we have by using (3.3)
nk−1∏
ν=0
|w−N−ν | =
∏mk
l=0
∏n−1
ν=0 |w−N−ln−ν |∏n−1
ν=p |w−N−mkn−ν |
>
Cmk+1
Kn−p
.
This is a contradiction with the equation (3.2). The operator Bw possesses thus a
hypercyclic subspace. 
Corollary 3.6. Every hypercyclic bilateral weighted shift on the complex space
lp(v,Z) with 1 ≤ p < ∞ or on the complex space c0(v,Z) possesses a hypercyclic
subspace.
4. Weighted shifts on certain Köthe sequence spaces
Let A = (aj,k)j,k≥1 be a matrix such that for any j, k ≥ 1, we have aj,k > 0 and
aj,k ≤ aj+1,k. We define the (real or complex) Köthe sequence spaces λ
p(A) with
1 ≤ p <∞ and c0(A) by
λp(A) :=
{
(xk)k ∈ K
N : pj((xk)k) =
( ∞∑
k=1
|xkaj,k|
p
) 1
p
<∞, j ≥ 1
}
,
c0(A) := {(xk)k ∈ K
N : lim
k→∞
|xk|aj,k = 0, j ≥ 1} with pj((xk)k) = max
k
|xk|aj,k.
These spaces are Fréchet spaces with a continuous norm and the sequences of
norms (pj) are increasing (see [11] for more details about Köthe sequence spaces).
Therefore we deduce from Corollary 2.3 the following result:
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Theorem 4.1. Let Bw : X → X be a weighted shift, where X = λ
p(A) with
1 ≤ p <∞ or X = c0(A). If there exists an integer J ≥ 1 such that for any j ≥ 1,
we have
sup
n≥1
sup
N≥1
inf
k≥N
pJ(B
n
wek)
pj(ek)
> 1
then Bw does not possess any hypercyclic subspace.
Proof. By hypothesis, there exists J ≥ 1 such that for any j ≥ 1, there exist Cj > 1,
nj ≥ 1, Nj ≥ 1 such that we have for any k ≥ Nj ,
pJ(B
nj
w ek)
pj(ek)
> Cj .
The condition of Corollary 2.3 is then satisfied because for any j ≥ 1, for any
x ∈ ENj := {x ∈ X : x =
∑∞
k=Nj
xkek}, x 6= 0, we have if X = λ
p(A),
pJ(B
nj
w x)
p = pJ
(
Bnjw
( ∞∑
k=Nj
xkek
))p
=
∞∑
k=Nj
|xk|
ppJ(B
nj
w ek)
p
>
∞∑
k=Nj
|xk|
pC
p
j pj(ek)
p = Cpj pj(x)
p,
and we have if X = c0(A),
pJ(B
nj
w x) = pJ
(
Bnjw
( ∞∑
k=Nj
xkek
))
= max
k≥Nj
|xk|pJ(B
nj
w ek)
> max
k≥Nj
|xk|Cjpj(ek) = Cjpj(x).

For the other implication, we cannot proceed as in the proof of Proposition 3.1
because unlike Corollary 2.1, Corollary 2.3 does not give us an equivalence. We will
thus prove that if for any j ≥ 1, there exists mj ≥ 1 such that
sup
n≥1
sup
N≥1
inf
k≥N
pj(B
n
wek)
pmj(ek)
<∞
then Bw satisfies the condition of Theorem 1.11. For this purpose, we need the
following result whose idea of proof is the same as for Theorem 2.2. This result
is stated for Fréchet sequence spaces which are Fréchet spaces of sequences that
are continuously embedded in ω. Obviously Köthe sequence spaces are Fréchet
sequence spaces.
Lemma 4.2. Let X be a Fréchet sequence space with a continuous norm, (pj)
an increasing sequence of norms defining the topology of X and Bw : X → X a
weighted shift. The following assertions are equivalent:
(i) there exists J ≥ 1 such that for any j ≥ 1, we have
sup
n≥1
sup
N≥1
inf
k≥N
pJ(B
n
wek)
pj(ek)
=∞;
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(ii) there exists J ≥ 1 such that for any j ≥ 1, we have
sup
n≥1
sup
N≥1
inf
k≥N
max
m≤n
pJ(B
m
w ek)
pj(ek)
> 1.
Proof. The implication (i)⇒(ii) is evident. We show the implication (ii)⇒(i). We
know by hypothesis that there exist j0 ≥ 1 such that for any j ≥ 1, we have
sup
n≥1
sup
N≥1
inf
k≥N
max
m≤n
pj0(B
m
w ek)
pj(ek)
> 1.
There thus exist Cj0 > 1, nj0 ≥ 1, Nj0 ≥ 1 such that for any k ≥ Nj0 , there exists
1 ≤ m ≤ nj0 such that we have
(4.1)
pj0(B
m
w ek)
pj0(ek)
> Cj0 .
Let j ≥ 1. There are also Cj > 1, nj ≥ 1, Nj ≥ 1 such that for any k ≥ Nj , there
exists m ≤ nj such that we have
(4.2)
pj0(B
m
w ek)
pj(ek)
> Cj .
Let k ≥ Nj0 +Nj + lnj0 + nj and n = lnj0 + nj with l ≥ 1. We deduce from (4.2)
that there exists m1 ≤ nj such that
pj0(B
m1
w ek)
pj(ek)
> Cj
and we deduce by repeatedly applying (4.1) to Bm1w ek that there exists n ≤ m2 <
n+ nj0 such that
pj0(B
m2
w ek)
pj0(B
m1
w ek)
> Clj0 .
Since X is a Fréchet sequence space and Bw maps X into itself, the weighted shift
Bw is continuous. There thus exist K > 0 and J ≥ 1 such that for any 0 ≤ p < nj0 ,
we have
pj0(B
p
wx) ≤ KpJ(x) for any x ∈ X
and therefore for any 0 ≤ p < nj0 , for any m ≥ p, we have
pJ(B
m−p
w x) ≥
1
K
pj0(B
m
w x) for any x ∈ X.
It follows that we have
pJ(B
n
wek) = pJ(B
m2−(m2−n)
w ek) ≥
1
K
pj0(B
m2
w ek)
>
Clj0
K
pj0(B
m1
w ek) >
Clj0Cj
K
pj(ek).
Since the choice of J does not depend of j and Clj0 →∞ when l→∞, we have the
desired result. 
To prove that a hypercyclic weighted shift Bw possesses a hypercyclic subspace
if for any j ≥ 1, there exists mj ≥ 1 such that
sup
n≥1
sup
N≥1
inf
k≥N
pj(B
n
wek)
pmj (ek)
<∞,
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we need to suppose an additional condition on the norms (pj)j≥1 and thus on the
matrix A. This condition will permit us to transpose the inequalities for a couple
of seminorms (pJ , pm) to others couples (pj , pmj ).
Theorem 4.3. Let Bw : X → X be a hypercyclic weighted shift, where X = λ
p(A)
with 1 ≤ p < ∞ or X = c0(A). Suppose that there exists J ≥ 1 such that for any
m ≥ 1, for any j ≥ 1, there exists mj ≥ 1 such that
sup
n≥0
lim sup
k>n
pj(ek−n)pm(ek)
pJ(ek−n)pmj (ek)
<∞.
If there exists m ≥ 1 such that we have
sup
n≥1
sup
N≥1
inf
k≥N
pJ(B
n
wek)
pm(ek)
<∞
then Bw possesses a hypercyclic subspace.
Proof. By our assumptions, we know that there exists m ≥ 1 such that for any
j ≥ 1, there exists mj ≥ 1 such that we have
sup
n≥1
sup
N≥1
inf
k≥N
pj(B
n
wek)
pmj (ek)
= sup
n≥1
sup
N≥n+1
inf
k≥N
pJ (B
n
wek)
pm(ek)
pj(ek−n)pm(ek)
pJ(ek−n)pmj (ek)
<∞.
By the previous lemma, the above condition is equivalent to having, for any j ≥ 1,
the existence of an integer j′ ≥ 1 such that
sup
n≥1
sup
N≥1
inf
k≥N
max
i≤n
pj(B
i
wek)
pj′(ek)
≤ 1.
In particular, we can choose mJ ≥ 1 such that
(4.3) sup
n≥1
sup
N≥1
inf
k≥N
max
i≤n
pJ(B
i
wek)
pmJ (ek)
≤ 1.
Let (nl) be an increasing sequence of integers such that Bw satisfies the Hypercyclic-
ity Criterion for (nl). Such a sequence exists because every hypercyclic weighted
shift is weakly mixing (see [6]). Then, using the relation (4.3), we have that for any
l ≥ 1, for any N ≥ 1, there exists k ≥ N such that for any l′ ≤ l, we have
pJ(B
nl′
w ek)
pmJ (ek)
≤ 2.
If we let CJ = 2 and for any j 6= J , we let Cj be a constant and mj an integer
satisfying
sup
n
lim sup
k>n
pj(ek−n)pmJ (ek)
pJ(ek−n)pmj (ek)
< Cj ,
then it is not difficult to construct an increasing sequence of integers (kl)l≥1 such
that for any l ≥ 1, we have nl < kl and for any l ≥ 1, we have
for any l′ ≤ l,
pJ(B
nl′
w ekl)
pmJ (ekl)
≤ 2;(4.4)
for any j ≤ l′ ≤ l,
pj(ekl−nl′ )pmJ (ekl)
pJ(ekl−nl′ )pmj (ekl)
< Cj .(4.5)
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Therefore we have by multiplying (4.4) and (4.5) that for any l ≥ 1, for any j ≤
l′ ≤ l,
pj(B
nl′
w ekl)
pmj (ekl)
≤ 2Cj .
If for any l′ ≥ 1, we let Ml′ be the closed linear span of (ekl)l≥l′ then for any j ≤ l
′,
for any x ∈Ml′ , we have if X = λ
p(A),
pj(B
nl′
w x)
p = pj
(
Bnl′w
( ∞∑
l=l′
xklekl
))p
=
∞∑
l=l′
|xkl |
ppj(B
nl′
w ekl)
p
≤
∞∑
l=l′
|xkl |
p(2Cj)
ppmj (ekl)
p = (2Cj)
ppmj (x)
p
and we have if X = c0(A),
pj(B
nl′
w x) = pj
(
Bnl′w
( ∞∑
l=l′
xklekl
))
= max
l≥l′
|xkl |pj(B
nl′
w ekl)
≤ max
l≥l′
|xkl |(2Cj)pmj (ekl) = 2Cjpmj(x).
Theorem 1.11 implies the desired result. 
Theorems 4.1 and 4.3 allow us to characterize for the first time which weighted
shifts on certain Fréchet spaces possess a hypercyclic subspace. Before stating this
characterization, we remark that we can simplify this one as in Proposition 3.2.
Proposition 4.4. Let (wn)n≥1 be a sequence of non-zero scalars and (aj,k)j,k≥1 a
family of positive numbers. For any j ≥ 1, we have
∀m ≥ 1, sup
n≥1
sup
N≥1
inf
k≥N
∏n
ν=1 |wν+k|aj,k
am,n+k
> 1
⇔ ∀m ≥ 1, sup
n≥1
inf
k≥1
∏n
ν=1 |wν+k|aj,k
am,n+k
=∞.
Proof. (⇐) Evident.
(⇒) Let j ≥ 1. By hypothesis, for any m ≥ 1, there exists Cm > 1, nm ≥ 1 and
Nm ≥ 1 such that
inf
k≥Nm
∏nm
ν=1 |wν+k|aj,k
am,nm+k
> Cm.
In particular, we have for any l ≥ 1,
inf
k≥Nj
∏lnj
ν=1 |wν+k|aj,k
aj,lnj+k
> Clj .
Letm ≥ 1 andK > 0. We consider an integer l1 ≥ 1 such that l1nj ≥ max(Nj , Nm)
and Cl1j > K, and another integer l2 ≥ 1 such that λ0C
l2
j > K where
λ0 = min
0≤k≤l1nj−1
∏l1nj
ν=1 |wν+k|aj,k
aj,l1nj+k
.
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Therefore, since l1nj ≥ max(Nj , Nm), we have for any k ≥ l1nj ,
∏(l1+l2)nj+nm
ν=1 |wν+k|aj,k
am,(l1+l2)nj+nm+k
=
∏(l1+l2)nj
ν=1 |wν+k|aj,k
∏nm
ν=1 |wν+(l1+l2)nj+k|
am,(l1+l2)nj+nm+k
> Cl1+l2j
∏nm
ν=1 |wν+(l1+l2)nj+k|aj,(l1+l2)nj+k
am,(l1+l2)nj+nm+k
> Cl1+l2j Cm > K
and for any 1 ≤ k ≤ l1nj − 1,
∏(l1+l2)nj+nm
ν=1 |wν+k|aj,k
am,(l1+l2)nj+nm+k
=
∏l1nj
ν=1 |wν+k|aj,k
aj,l1nj+k
·
∏l2nj
ν=1 |wν+l1nj+k|aj,l1nj+k
aj,(l1+l2)nj+k
·
∏nm
ν=1 |wν+(l1+l2)nj+k|aj,(l1+l2)nj+k
am,(l1+l2)nj+nm+k
> λ0C
l2
j Cm > K.

We obtain the following characterization:
Theorem 4.5. Let Bw : X → X be a hypercyclic weighted shift, where X = λ
p(A)
with 1 ≤ p < ∞ or X = c0(A). Suppose that there exists J ≥ 1 such that for any
m ≥ 1, for any j ≥ 1, there exists mj ≥ 1 such that
(4.6) sup
n≥0
lim sup
k
aj,kam,n+k
aJ,kamj ,n+k
<∞.
Then Bw possesses a hypercyclic subspace if and only if there exists m ≥ 1 such
that
sup
n≥1
inf
k≥1
∏n
ν=1 |wν+k|aJ,k
am,n+k
≤ 1
or equivalently if and only if
sup
n≥1
inf
k≥1
∏n
ν=1 |wν+k|aJ,k
am,n+k
<∞.
In particular, this theorem can be applied in the case of spaces lp(v) and c0(v)
if we consider aj,k = (vk)
1
p and it extends thereby Corollary 3.4 to the case of real
spaces.
Corollary 4.6. A hypercyclic weighted shift on the real or complex space lp(v) with
1 ≤ p <∞ possesses a hypercyclic subspace if and only if
sup
n≥1
inf
k≥1
n∏
ν=1
|wν+k|
( vk
vk+n
) 1
p
≤ 1
or equivalently if and only if
sup
n≥1
inf
k≥1
n∏
ν=1
|wν+k|
( vk
vk+n
) 1
p
<∞,
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and a hypercyclic weighted shift on the real or complex space c0(v) possesses a
hypercyclic subspace if and only if
sup
n≥1
inf
k≥1
n∏
ν=1
|wν+k|
( vk
vk+n
)
≤ 1
or equivalently if and only if
sup
n≥1
inf
k≥1
n∏
ν=1
|wν+k|
( vk
vk+n
)
<∞.
An example of Fréchet space satisfying condition (4.6) is the space of entire
functions. This space, denoted by H(C), can be seen as the Köthe sequence space
λ1(A) with aj,n = j
n, and condition (4.6) is then satisfied for J = 1 and mj = 2jm
because for any m, j ≥ 1, we have
lim sup
k
aj,kam,n+k
aJ,kamj ,n+k
= lim sup
k
jkmn+k
Jkmn+kj
= lim sup
k
jkmn+k
(2j)n+kmn+k
= 0.
Corollary 4.7. Let Bw : H(C)→ H(C) be a hypercyclic weighted shift defined by
Bwz
n = wnz
n−1. The operator Bw possesses a hypercyclic subspace if and only if
there exists m ≥ 1 such that
(4.7) sup
n≥1
inf
k≥0
∏n
ν=1 |wν+k|
mn+k
≤ 1.
Remark 4.8. In 2010, Shkarin [16] has shown that the differentiation operator on
the space of entire functions possesses a hypercyclic subspace. In fact, the differ-
entiation operator can be seen as the weighted shift Bw with wn = n and this
operator satisfies condition (4.7):
(4.8) sup
n≥1
inf
k≥0
∏n
ν=1 |wν+k|
2n+k
≤ sup
n≥1
inf
k≥0
(k + n)n
2n+k
= 0.
We have thus improved the result of Shkarin by giving a characterization of weighted
shifts on H(C) with hypercyclic subspaces.
Another important example of a Fréchet space satisfying condition (4.6) is the
space s of rapidly decreasing sequences, which is the space λ1(A) with aj,k = k
j.
This space is isomorphic to C∞([0, 1]) (see [11, Example 29.4]).
Corollary 4.9. Let Bw : s → s be a hypercyclic weighted shift. The operator Bw
possesses a hypercyclic subspace if and only if there exists m ≥ 1 such that
sup
n≥1
inf
k≥0
∏n
ν=1 |wν+k|
(n+ k)m
≤ 1.
Remark 4.10. A sufficient condition on A to satisfy (4.6) is that for any j, k ≥ 1,
we have aj,k ≤ aj,k+1 and for any j ≥ 1, there exists mj ≥ 1 such that
sup
k
a2j,k
amj ,k
<∞.
On the other hand, some matrices A do not satisfy (4.6). For example, the matrix
A with aj,k = k
1− 1
j does not satisfy (4.6).
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As in the case of the complex spaces lp(Z) and c0(Z), we can prove the existence
of a hypercyclic subspace for every hypercyclic bilateral weighted shifts on certain
real or complex Köthe sequence spaces. Let A = (aj,k)j≥1,k∈Z be a matrix such
that for any j ≥ 1, k ∈ Z, we have aj,k > 0 and aj,k ≤ aj+1,k. We define the spaces
λp(A,Z) with 1 ≤ p <∞ and c0(A,Z) by
λp(A,Z) :=
{
(xk)k ∈ K
Z : pj((xk)k) =
(∑
k∈Z
|xkaj,k|
p
) 1
p
<∞, j ≥ 1
}
,
c0(A,Z) := {(xk)k ∈ K
Z : lim
k→±∞
|xk|aj,k = 0, j ≥ 1} with pj((xk)k) = max
k∈Z
|xk|aj,k.
Suppose that X = λp(A,Z) or c0(A,Z) and that there exists J ≥ 1 such that for
any m ≥ 1, for any j ≥ 1, there exists mj ≥ 1 such that
sup
n≥0
lim sup
k→−∞
aj,kam,n+k
aJ,k, amj,n+k
<∞.
Proceeding in the same way as for unilateral shifts, one can show that for any
hypercyclic bilateral weighted shift Bw : X → X , if there exists m ≥ 1 such that
we have
sup
n≥1
sup
N≥0
inf
k≤−N
∏n
ν=1 |wν+k|aJ,k
am,n+k
≤ 1
then Bw possesses a hypercyclic subspace. We show that if Bw is hypercyclic then
Bw satisfies this condition and thus that every hypercyclic bilateral weighted shift
possesses a hypercyclic subspace.
Theorem 4.11. Let X = λp(A,Z) with 1 ≤ p <∞ or X = c0(A,Z). Suppose that
there exists J ≥ 1 such that for any m ≥ 1, for any j ≥ 1, there exists mj ≥ 1 such
that
sup
n≥0
lim sup
k→−∞
aj,kam,n+k
aJ,kamj ,n+k
<∞.
Then every hypercyclic bilateral weighted shift possesses a hypercyclic subspace.
Proof. By the characterization of hypercyclic bilateral weighted shifts (see [6]), we
know that there exists an increasing sequence of integers (nk)k≥1 such that for any
j ∈ Z,
(4.9) lim
k→∞
nk−1∏
ν=0
|wj−ν |aJ,j−nk = 0.
Suppose that Bw does not possess any hypercyclic subspace. We then have for any
m ≥ 1,
sup
n≥1
sup
N≥0
inf
k≤−N
∏n
ν=1 |wν+k|aJ,k
am,n+k
> 1.
In particular, there thus exist C > 1, n ≥ 1 and N ≥ 0 such that for any k ≤ −N ,
we have
(4.10)
∏n
ν=1 |wk+ν |aJ,k
aJ,k+n
> C.
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We fix λ0 = max
0≤p≤n−1
∏n−p
ν=1 |w−N+ν |
aJ,−N+n−p
. If nk = mkn + p with 0 ≤ p ≤ n − 1 and
mk ≥ 1 then we have by using (4.10)
nk−1∏
ν=0
|w−N−ν |aJ,−N−nk =
∏mk
l=0
∏n
ν=1 |w−N−nk+ln+ν |aJ,−N−nk∏n−p
ν=1 |w−N+ν |
>
Cmk+1aJ,−N+n−p∏n−p
ν=1 |w−N+ν |
>
Cmk+1
λ0
.
This is a contradiction with the equation (4.9). We conclude that the operator Bw
possesses a hypercyclic subspace. 
Corollary 4.12. Every hypercyclic bilateral weighted shift on the real or complex
space lp(v,Z) or on the real or complex space c0(v,Z) possesses a hypercyclic sub-
space.
5. Functions of weighted shifts
We finish by looking at the operators of the form P (Bw), where P is a non-
constant polynomial and Bw is a weighted shift. In particular, we prove that
for every non-constant polynomial P , the operator P (D) possesses a hypercyclic
subspace on H(C) where D is the differentiation operator. It was already known
that D possesses a hypercyclic subspace (see [16]) and that if φ is an entire function
of exponential type which is not a polynomial then φ(D) possesses a hypercyclic
subspace (see [14]). However the question was open in the case where φ is an
arbitrary non-constant polynomial.
Lemma 5.1. Let X be a Fréchet sequence space with a continuous norm, (pj)
an increasing sequence of norms defining the topology of X and Bw : X → X a
weighted shift. The following assertions are equivalent:
(i) there exists J ≥ 1 such that for any j ≥ 1, we have
sup
n≥1
sup
N≥1
inf
k≥N
pJ(B
n
wek)
pj(ek)
> 0;
(ii) there exists J ≥ 1 such that for any j ≥ 1, we have
sup
n≥1
sup
N≥1
inf
k≥N
max
1≤m≤n
pJ(B
m
w ek)
pj(ek)
> 0.
Proof. The implication (i)⇒(ii) is obvious. On the other hand, if we suppose that
(ii) is satisfied then there exists j0 such that for any j ≥ 1, there exist 0 < εj ≤ 1
and nj , Nj ≥ 1 such that for any k ≥ Nj, we have for some 1 ≤ m ≤ nj ,
pj0(B
m
w ek) ≥ εjpj(ek).
Using the previous property repeatedly for j = j0, we deduce that for any n ≥ 1,
any 1 ≤ m ≤ n and for any k ≥ Nj0 + n, there exists n ≤ m
′ < n+ nj0 such that
pj0(B
m′
w ek) ≥ ε
n
j0
pj0(B
m
w ek).
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By continuity, there also exist J ≥ 1 and K > 0 such that for any 0 ≤ m < nj0 , for
any x ∈ X , we have
pj0(B
m
w x) ≤ KpJ(x).
Let j ≥ 1. Let N = Nj + Nj0 + nj . We deduce that, for any k ≥ N , there exist
1 ≤ m1 ≤ nj and nj ≤ m2 < nj + nj0 such that
pJ(B
nj
w ek) = pJ (B
m2−(m2−nj)
w ek) ≥
1
K
pj0(B
m2
w ek)
≥
ε
nj
j0
K
pj0(B
m1
w ek) ≥
ε
nj
j0
εj
K
pj(ek).

Theorem 5.2. Let Bw : X → X be a weighted shift, where X = λ
p(A) with
1 ≤ p < ∞ or X = c0(A), and P a non-constant polynomial such that P (Bw)
satisfies the Hypercyclicity Criterion. Suppose that there exists J ≥ 1 such that for
any m ≥ 1, for any j ≥ 1, there exists mj ≥ 1 such that
sup
n≥0
lim sup
k>n
pj(ek−n)pm(ek)
pJ(ek−n)pmj (ek)
<∞.
If there exists m ≥ 1 such that for any n ≥ 1,
inf
k≥n+1
pJ(B
n
wek)
pm(ek)
= 0
and if one of the following two conditions is satisfied:
(1) P has a constant term |c0| ≤ 1;
(2) there exists m ≥ 1 such that limk
pJ (ek)
pm(ek)
= 0,
then P (Bw) possesses a hypercyclic subspace.
Proof. Suppose that P is a polynomial of degree d with constant term c0 such that
P (Bw) satisfies the Hypercyclicity Criterion for the sequence (nk). For any n ≥ 1,
we thus have Pn(Bw) =
∑nd
i=0 c
(n)
i B
i
w for some constants c
(n)
i and we fix
Kn = max{|c
(k)
i | : i ≤ kd, k ≤ n}.
By assumption, we know that there exists m ≥ 1 such that for any j ≥ 1, there
exists mj ≥ 1 such that
sup
n≥1
sup
N≥1
inf
k≥N
pj(B
n
wek)
pmj (ek)
= sup
n≥1
sup
N>n
inf
k≥N
pJ(B
n
wek)
pm(ek)
pj(ek−n)pm(ek)
pJ(ek−n)pmj (ek)
= 0.
We deduce from Lemma 5.1 that there exists mJ ≥ 1 such that for any n,N ≥ 1
inf
k≥N
max
1≤i≤n
pJ(B
i
wek)
pmJ (ek)
= 0.
and in particular that for any n,N ≥ 1, there exists k ≥ N such that for any
1 ≤ i ≤ nd, we have
(5.1) ndKnpJ (B
i
wek) ≤ pmJ (ek).
Moreover, we can suppose that we have mJ ≥ J , and if there exists m ≥ 1 such
that limk
pJ (ek)
pm(ek)
= 0, we can also suppose that mJ satisfies limk
pJ (ek)
pmJ (ek)
= 0. We
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let CJ = 2 and for any j 6= J , we let mj ≥ 1 and Cj > 0 such that
(5.2) sup
n≥0
lim sup
k>n
pj(ek−n)pmJ (ek)
pJ(ek−n)pmj (ek)
< Cj .
Using (5.1) and (5.2), we can then construct an increasing sequence (sj)j≥1 such
that for any j ≥ 2
(1) sj − nj−1d > sj−1;
(2) for any 1 ≤ i ≤ nj−1d, nj−1dKnj−1pJ(B
i
wesj ) ≤ pmJ (esj );
(3) for any l < j, for any 0 ≤ i ≤ nj−1d,
pl(esj−i)pmJ (esj )
pJ(esj−i)pml(esj )
< Cl;
and as we suppose that either |c0| ≤ 1 or limk
pJ (ek)
pmJ (ek)
= 0, we can also construct
(sj)j≥1 such that
(4) for any 1 ≤ k < j, |c0|
nkpJ(esj ) ≤ pmJ (esj ).
So we have for any l ≤ k < j, for any 1 ≤ i ≤ nkd,
(5.3)
nkdKnkpl(B
i
wesj ) ≤ nj−1dKnj−1
pJ(B
i
wesj )
pmJ (esj )
pl(esj−i)pmJ (esj )
pJ(esj−i)
< Clpml(esj ) by (2) and (3)
and we also have, for any l ≤ k < j, by (3) and (4),
(5.4) |c0|
nkpl(esj ) = |c0|
nk
pJ(esj )
pmJ (esj )
pl(esj )pmJ (esj )
pJ(esj )
< Clpml(esj ).
Therefore, for any l ≤ k < j, we have by (5.3) and (5.4)
(5.5)
pl(P
nk(Bw)(esj )) = pl
( nkd∑
i=0
c
(nk)
i B
i
wesj
)
≤
nkd∑
i=0
|c
(nk)
i |pl(B
i
wesj )
≤ |c0|
nkpl(esj ) + nkdKnk max
1≤i≤nkd
pl(B
i
wesj )
≤ 2Clpml(esj ).
We consider the infinite-dimensional closed subspaces Mk defined by
Mk = span{esj : j > k}.
As for any j > k, we have sj−nkd > sj−1, we deduce form (5.5) that for any l ≤ k,
for any x ∈Mk, if X = λ
p(A), we have
pl(P
nk(Bw)x)
p = pl
(
Pnk(Bw)
( ∞∑
j=k+1
xsj esj
))p
=
∞∑
j=k+1
|xsj |
ppl(P
nk(Bw)(esj ))
p
≤
∞∑
j=k+1
|xsj |
p(2Cl)
ppml(esj )
p = (2Cl)
ppml(x)
p
and if X = c0(A), we have
pl(P
nk(Bw)x) = pl
(
Pnk(Bw)
( ∞∑
j=k+1
xsj esj
))
= max
j≥k+1
|xsj |pl(P
nk(Bw)(esj ))
≤ max
j≥k+1
|xsj |2Clpml(esj ) = 2Clpml(x).
We conclude using Theorem 1.11. 
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This theorem, expressed in terms of the matrix A, gives the following result:
Theorem 5.3. Let Bw : X → X be a weighted shift, where X = λ
p(A) with
1 ≤ p < ∞ or X = c0(A) and P a non-constant polynomial such that P (Bw)
satisfies the Hypercyclicity Criterion. Suppose that there exists J ≥ 1 such that for
any m ≥ 1, for any j ≥ 1, there exists mj ≥ 1 such that
sup
n≥0
lim sup
k
aj,kam,n+k
aJ,kamj ,n+k
<∞.
If there exists m ≥ 1 such that for any n ≥ 1
inf
k≥1
∏n
ν=1 |wν+k|aJ,k
am,n+k
= 0
and if one of the following two conditions is satisfied:
(1) P has a constant term |c0| ≤ 1;
(2) there exists m ≥ 1 such that limk
aJ,k
am,k
= 0,
then P (Bw) possesses a hypercyclic subspace.
Remark 5.4. We do not suppose in Theorems 5.2 and 5.3 that Bw is hypercyclic.
Corollary 5.5. Let D : H(C) → H(C) be the differentiation operator. For every
non-constant polynomial P , the operator P (D) possesses a hypercyclic subspace.
Proof. We deduce this result directly from Theorem 5.3, from (4.8) and from a
result of Godefroy and Shapiro (see [4]) which says that every operator T : H(C)→
H(C), T 6= λI, commuting with D is chaotic and thus satisfies the Hypercyclicity
Criterion. 
Corollary 5.6. Let Bw : l
p → lp be a weighted shift with 1 ≤ p < ∞. If for any
n ≥ 1,
inf
k≥1
n∏
ν=1
|wν+k| = 0
then I +Bw possesses a hypercyclic subspace.
Proof. It is a direct consequence of Theorem 5.3 and a result of León and Montes
(see [8]) which says that for every weighted shift Bw : l
p → lp, I +Bw satisfies the
Hypercyclicity Criterion. 
Remark 5.7. This last result is not completely satisfying if we compare with the
result obtained by Leòn and Montes for complex space l2 (see [9]).
We can also deduce the following results:
Corollary 5.8. Let Bw : X → X be a weighted shift, where X = λ
p(A) with
1 ≤ p <∞ or X = c0(A). Suppose that there exists J ≥ 1 such that for any m ≥ 1,
for any j ≥ 1, there exists mj ≥ 1 such that for any n ≥ 0,
(5.6) lim
k
aj,kam,n+k
aJ,kamj ,n+k
= 0.
If there exists m ≥ 1 such that we have
sup
n≥1
inf
k≥1
∏n
ν=1 |wν+k|aJ,k
am,n+k
<∞,
then for every non-constant polynomial P , if P (Bw) satisfies the Hypercyclicity
Criterion, P (Bw) possesses a hypercyclic subspace.
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Proof. Considering j = J in equation (5.6), we first deduce that for any m ≥ 1,
there exists m′ ≥ 1 such that we have
lim
k
am,k
am′,k
= 0.
Moreover if there exists m ≥ 1 such that we have
sup
n≥1
inf
k≥1
∏n
ν=1 |wν+k|aJ,k
am,n+k
<∞,
then by Proposition 4.4, there exists m ≥ 1 such that for any n ≥ 1,
sup
N≥1
inf
k≥N
∏n
ν=1 |wν+k|aJ,k
am,n+k
≤ 1.
Therefore, we deduce that there exists m′ ≥ 1 such that we have for any n ≥ 1,
inf
k≥1
∏n
ν=1 |wν+k|aJ,k
am′,n+k
= 0.
The assumptions of Theorem 5.3 are thus satisfied. 
Corollary 5.9. Let Bw : H(C)→ H(C) be a weighted shift. If there exists m ≥ 1
such that we have
sup
n≥1
inf
k≥1
∏n
ν=1 |wν+k|
mn+k
<∞,
then for every non-constant polynomial P , if P (Bw) satisfies the Hypercyclicity
Criterion, P (Bw) possesses also a hypercyclic subspace.
Remark 5.10. In particular, if Bw : H(C)→ H(C) possesses a hypercyclic subspace
and P is a non-constant polynomial such that P (Bw) satisfies the Hypercyclicity
Criterion, then P (Bw) possesses also a hypercyclic subspace.
Remark 5.11. Condition (5.6) is not satisfied for spaces lp(v) and c0(v). In fact,
this one implies that X is a Schwartz space (see [11, Theorem 27.10]). A sufficient
condition to satisfy condition (5.6) is that for any j, k ≥ 1, we have aj,k ≤ aj,k+1,
that there exists J ≥ 1 such that limk aJ,k =∞ and that for any j ≥ 1, there exists
mj ≥ 1 such that
sup
k
a2j,k
amj ,k
<∞.
The space H(C) satisfies this condition and also, for example, the space s of rapidly
decreasing sequences.
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